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Rigid Bodies
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Particle Rigid	Body
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Particle vs. Rigid Body Dynamics
▶ State of a particle

▶ Position p
▶ Velocity v

▶ State of a rigid body
▶ Position p
▶ Velocity v
▶ Orientation θ
▶ Angular velocity ω
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Coordinate frames

▶ [x]e is (1, 2) in coordinate frame described by e1 and e2
▶ What is [x]u, i.e., [x]u expressed in u1 and u2?
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Coordinate frames

▶ x = e1 + 2e2
▶ x = [u0]e + α[u1]e + β[u2]e
▶ Note that [x]u = (α, β), so we are interested in finding values

of α and β.
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Coordinate frames

[u0]e + α [u1]e + β [u2]e = [x]e
α [u1]e + β [u2]e = [x]e − [u0]e[

[u1]e [u2]e
] [ α

β

]
=[

α
β

]
=
[

[u1]e [u2]e
]−1

([x]e − [u0]e)

Change of basis

[x]u =
[

[u1]e [u2]e
]−1

([x]e − [u0]e)
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Coordinate Frames Exercise - Part 1
What is [x]u?
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Coordinate Frames Exercise - Part 2
What is [x]u?
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Rigid Bodies in 2D
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Angular Velocity
▶ ω = dθ

dt
▶ Units are radians per second
▶ Radian is the angle subtended by an arc whose length is equal

to its radious: θ = l
r

Linear Velocity at a Point on the Body
▶ v = rω
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Rigid Bodies in 3D
▶ Unlike 2D, orientation in 3D cannot be described using any

angle.
▶ There are many schemes for describing rotations in 3D.
▶ We will use a 3 × 3 rotation matrix R to describe the rotation

of rigit body.
▶ R is an orthognal matrix

▶ Its columns are orthonormal, i.e., rT
i rj = 0 if i ≠ j, 1 otherwise,

where ri and rj denotes ith and jth columns, respectively
▶ RT R = I and RRT = I
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Rotations in 3D
Matrices for rotations about the x, y, and z axes

Rx(θ) =

1 0 0
0 cos θ − sin θ

0 sin θ cos θ



Ry(θ) =

 cos θ 0 sin θ

0 1 0
− sin θ 0 cos θ



Rz(θ) =

cos θ − sin θ 0
sin θ cos θ 0

0 0 1





12 / 46

Rotations in 3D
It is possible to describe a rotation as a sequence of three rotations
around XY Z coordinate frame axes attached to the moving body

Then rotation matrix R = Rz(γ)Rx(θ)Ry(β)

Here, XY Z coordinate system that is attached to the body moves,
while the xyz system is fixed. The rotations are with respect to the
XY Z coordinate system. It is also possible to define these
(elemental) rotations about the axes of a fixed coordinate system
xyz.
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Rotations in 3D
Another way to represent a rotation in 3D is to use the axis-angle
convention.

The matrix of a proper rotation R by angle θ around the axis
u = (ux, uy, uz)

R =

[
cos θ + u2

x (1 − cos θ) uxuy (1 − cos θ) − uz sin θ uxuz (1 − cos θ) + uy sin θ

uyux (1 − cos θ) + uz sin θ cos θ + u2
y (1 − cos θ) uyuz (1 − cos θ) − ux sin θ

uzux (1 − cos θ) − uy sin θ uzuy (1 − cos θ) + ux sin θ cos θ + u2
z (1 − cos θ)

]
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Rotations in 3D
▶ We will use a 3x3 rotation matrix R
▶ We need to find the relationship between angular velocity and

rotation matrix.

We will return to this later.
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Equations of Motions for Rigid Bodies
Force acting on a Rigid Body
▶ Net force acting on an object is the rate of change of its linear

momentum.
dP
dt

= F

▶ Linear momentum: P = mv, where m is the mass of the
object and v is its linear velocity
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Equations of Motions for Rigid Bodies
Torque acting on a rigid body
▶ Net torque acting on an object (about point o) is the rate of

change of its angular momentum .

dL
dt

= N

▶ Angular momentum: L = Iω, where I is the inertia tensor
and ω is its angular velocity (about point o)
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Torque
▶ Torque (in this example, clockwise or counter-clockwise):

T = d × F

▶ When force passes through the center of mass (discussed in the
following slides), the associated d vector is zero; therefore, this
force produces no torque or rotational effect

!
Center of mass

"
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Computing Torque

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x

<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

Center of mass

Force

<latexit sha1_base64="t8obDP0jrneiWR9DHo4iFJIxUdE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy46bKCfWA7lEyaaUMzmTG5I5Shf+HGhSJu/Rt3/o1pOwttPRA4nHMvOfcEiRQGXffbWVldW9/YLGwVt3d29/ZLB4dNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hoduq3nrg2Ilb3OE64H9GBEqFgFK300I0oDoMwe5z0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/myWekFOr9EkYa/sUkpn6eyOjkTHjKLCT04Rm0ZuK/3mdFMMbPxMqSZErNv8oTCXBmEzPJ32hOUM5toQyLWxWwoZUU4a2pKItwVs8eZk0zyveVeXy7qJcreV1FOAYTuAMPLiGKtSgDg1goOAZXuHNMc6L8+58zEdXnHznCP7A+fwB96SRJQ==</latexit>q

<latexit sha1_base64="7uRCmYZf4WPq/6nlgXR6a7cEjY8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBTZcV7APbUjLpnTY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yl/ntJ1SaR/LBTGPsh3QkecAZNVZ67IXUjP0gjWeDcsWtunOQVeLlpAI5GoPyV28YsSREaZigWnc9Nzb9lCrDmcBZqZdojCmb0BF2LZU0RN1P54ln5MwqQxJEyj5pyFz9vZHSUOtp6NvJLKFe9jLxP6+bmOC2n3IZJwYlW3wUJIKYiGTnkyFXyIyYWkKZ4jYrYWOqKDO2pJItwVs+eZW0LqredfXq/rJSq+d1FOEETuEcPLiBGtShAU1gIOEZXuHN0c6L8+58LEYLTr5zDH/gfP4A9h+RJA==</latexit>p

<latexit sha1_base64="1uT6lQspvq3WcisUkAnlJyd5Nwc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWSqre2u4KbLCvYBnaFk0kwbmskMSaZQhv6JGxeKuPVP3Pk3ZtoKKnogcDjnXu7JCRLOlEbowypsbG5t7xR3S3v7B4dH9vFJV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Db3ezMqFYvFvZ4n1I/wWLCQEayNNLRtb4J15kVYT4IwE4vF0C4jB9WqDdSAyKkit74kCNXqlSvoGpKjDNZoD+13bxSTNKJCE46VGrgo0X6GpWaE00XJSxVNMJniMR0YKnBElZ8tky/ghVFGMIyleULDpfp9I8ORUvMoMJN5RPXby8W/vEGqw7qfMZGkmgqyOhSmHOoY5jXAEZOUaD43BBPJTFZIJlhiok1ZJVPC10/h/6RbcdyaU727Ljdb6zqK4Aycg0vgghvQBC3QBh1AwAw8gCfwbGXWo/Viva5GC9Z65xT8gPX2CbLKlGc=</latexit>

n̂
<latexit sha1_base64="biBGkNp8tX5LSdT0/te94TbbvtI="></latexit>

p �
�
(q � p)T n̂

�
n̂

<latexit sha1_base64="msHRqV6+PdRUGXktPmp8FoV0bDU=">AAACAHicdVDLSsNAFJ3UV62vqgsXbgaL4MaQ1PSRXcFNlxXsA9pQJtNJO3TycGYilJCNv+LGhSJu/Qx3/o2TPkBFDwycOede7r3HjRgV0jA+tdza+sbmVn67sLO7t39QPDzqiDDmmLRxyELec5EgjAakLalkpBdxgnyXka47vc787j3hgobBrZxFxPHROKAexUgqaVg8GfhITlwvuUvhJVx9onRYLBm6UbGtWhkaesUwbetKEduuW9UKNHVjjhJYojUsfgxGIY59EkjMkBB904ikkyAuKWYkLQxiQSKEp2hM+ooGyCfCSeYHpPBcKSPohVy9QMK5+r0jQb4QM99VldmG4reXiX95/Vh6dSehQRRLEuDFIC9mUIYwSwOOKCdYspkiCHOqdoV4gjjCUmVWUCGsLoX/k05ZN6t65cYqNZrLOPLgFJyBC2CCGmiAJmiBNsAgBY/gGbxoD9qT9qq9LUpz2rLnGPyA9v4FKIqW1Q==</latexit>q � p

<latexit sha1_base64="1uT6lQspvq3WcisUkAnlJyd5Nwc=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWSqre2u4KbLCvYBnaFk0kwbmskMSaZQhv6JGxeKuPVP3Pk3ZtoKKnogcDjnXu7JCRLOlEbowypsbG5t7xR3S3v7B4dH9vFJV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Db3ezMqFYvFvZ4n1I/wWLCQEayNNLRtb4J15kVYT4IwE4vF0C4jB9WqDdSAyKkit74kCNXqlSvoGpKjDNZoD+13bxSTNKJCE46VGrgo0X6GpWaE00XJSxVNMJniMR0YKnBElZ8tky/ghVFGMIyleULDpfp9I8ORUvMoMJN5RPXby8W/vEGqw7qfMZGkmgqyOhSmHOoY5jXAEZOUaD43BBPJTFZIJlhiok1ZJVPC10/h/6RbcdyaU727Ljdb6zqK4Aycg0vgghvQBC3QBh1AwAw8gCfwbGXWo/Viva5GC9Z65xT8gPX2CbLKlGc=</latexit>

n̂

<latexit sha1_base64="VLoFmhjuwm5E7P0n8OjRAx/MfzQ="></latexit>

=
F

kFk

<latexit sha1_base64="NkzBG3JHSBhQFNnNJ/vb/dBFv9I="></latexit>

(q � p)T n̂

<latexit sha1_base64="MO35ih3CU2vFvLny63W34doeJdQ="></latexit>

d =
�
p �

�
(q � p)T n̂

�
n̂
�
� q

Torque

<latexit sha1_base64="NboCLgWejy0/4L9PsVXmtvXlowM=">AAACCnicdVDLSsNAFJ34rPUVdelmtAiuSlJs1YVQcNNlhb6giWUymbRDJ5MwMxFKyNqNv+LGhSJu/QJ3/o2TPkBFD1w4nHMv997jxYxKZVmfxtLyyuraemGjuLm1vbNr7u13ZJQITNo4YpHoeUgSRjlpK6oY6cWCoNBjpOuNr3O/e0eEpBFvqUlM3BANOQ0oRkpLA/PICZEaeUHqZ7ct6IyQShcKzzJ4Ba2BWbLK1hRwRuyKJlXLvqzVoD23SmCO5sD8cPwIJyHhCjMkZd+2YuWmSCiKGcmKTiJJjPAYDUlfU45CIt10+koGT7TiwyASuriCU/X7RIpCKSehpzvzM+VvLxf/8vqJCi7clPI4UYTj2aIgYVBFMM8F+lQQrNhEE4QF1bdCPEICYaXTK+oQFp/C/0mnUrZr5erNWanemMdRAIfgGJwCG5yDOmiAJmgDDO7BI3gGL8aD8WS8Gm+z1iVjPnMAfsB4/wIivZqR</latexit>

dT n̂ = 0Confirm that 
This is because these vectors 
are perpendicular to each 
other

Line along which force is applied

Force

<latexit sha1_base64="uiVgzcT9PgC2mzoY6zb2edfaR9s=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjLVaae7giBdVrAPbEvJpJk2NJMZkoxQhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLu8WPOlEbow8qtrW9sbuW3Czu7e/sHxcOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb86VXmd+6pVCwSt3oW00GIx4IFjGBtpLt+iPXED9Lr+bBYQnbN88rlKkS2c4EqHjLErbg114GOjRYogRWaw+J7fxSRJKRCE46V6jko1oMUS80Ip/NCP1E0xmSKx7RnqMAhVYN0kXgOz4wygkEkzRMaLtTvGykOlZqFvpnMEqrfXib+5fUSHXiDlIk40VSQ5UdBwqGOYHY+HDFJieYzQzCRzGSFZIIlJtqUVDAlfF0K/yftsu1UbPfmslRvrOrIgxNwCs6BA6qgDhqgCVqAAAEewBN4tpT1aL1Yr8vRnLXaOQY/YL19AjGgkU8=</latexit>

F

<latexit sha1_base64="uiVgzcT9PgC2mzoY6zb2edfaR9s=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjLVaae7giBdVrAPbEvJpJk2NJMZkoxQhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLu8WPOlEbow8qtrW9sbuW3Czu7e/sHxcOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb86VXmd+6pVCwSt3oW00GIx4IFjGBtpLt+iPXED9Lr+bBYQnbN88rlKkS2c4EqHjLErbg114GOjRYogRWaw+J7fxSRJKRCE46V6jko1oMUS80Ip/NCP1E0xmSKx7RnqMAhVYN0kXgOz4wygkEkzRMaLtTvGykOlZqFvpnMEqrfXib+5fUSHXiDlIk40VSQ5UdBwqGOYHY+HDFJieYzQzCRzGSFZIIlJtqUVDAlfF0K/yftsu1UbPfmslRvrOrIgxNwCs6BA6qgDhqgCVqAAAEewBN4tpT1aL1Yr8vRnLXaOQY/YL19AjGgkU8=</latexit>

F

<latexit sha1_base64="fbnZy6Q4tI9xr6/tl72r3N9GByI=">AAACDHicdVDLSsNAFJ34rPVVdelmsAiuSlJs1YVQEKTLCvYBTSiTyaQdOnkwcyOU0A9w46+4caGIWz/AnX/jpI2iogcuHM65l3vvcWPBFZjmu7GwuLS8slpYK65vbG5tl3Z2OypKJGVtGolI9lyimOAhawMHwXqxZCRwBeu644vM794wqXgUXsMkZk5AhiH3OSWgpUGpbANJ8Dm2AwIj10+9KbaBB0x9KZdT3WVWzBnwnFhVTWqmdVavYyu3yihHa1B6s72IJgELgQqiVN8yY3BSIoFTwaZFO1EsJnRMhqyvaUj0PiedPTPFh1rxsB9JXSHgmfp9IiWBUpPA1Z3Zheq3l4l/ef0E/FMn5WGcAAvpfJGfCAwRzpLBHpeMgphoQqjk+lZMR0QSCjq/og7h81P8P+lUK1a9Urs6LjeaeRwFtI8O0BGy0AlqoCZqoTai6Bbdo0f0ZNwZD8az8TJvXTDymT30A8brB3SKm04=</latexit>

⌧ = d ⇥ F

Rigid body

Counter-clockwise along 
torque vector

Acts at the center of     
mass

1

2

3

4

5

6

Given <latexit sha1_base64="7uRCmYZf4WPq/6nlgXR6a7cEjY8=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBTZcV7APbUjLpnTY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yl/ntJ1SaR/LBTGPsh3QkecAZNVZ67IXUjP0gjWeDcsWtunOQVeLlpAI5GoPyV28YsSREaZigWnc9Nzb9lCrDmcBZqZdojCmb0BF2LZU0RN1P54ln5MwqQxJEyj5pyFz9vZHSUOtp6NvJLKFe9jLxP6+bmOC2n3IZJwYlW3wUJIKYiGTnkyFXyIyYWkKZ4jYrYWOqKDO2pJItwVs+eZW0LqredfXq/rJSq+d1FOEETuEcPLiBGtShAU1gIOEZXuHN0c6L8+58LEYLTr5zDH/gfP4A9h+RJA==</latexit>p
<latexit sha1_base64="t8obDP0jrneiWR9DHo4iFJIxUdE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy46bKCfWA7lEyaaUMzmTG5I5Shf+HGhSJu/Rt3/o1pOwttPRA4nHMvOfcEiRQGXffbWVldW9/YLGwVt3d29/ZLB4dNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8Hoduq3nrg2Ilb3OE64H9GBEqFgFK300I0oDoMwe5z0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/myWekFOr9EkYa/sUkpn6eyOjkTHjKLCT04Rm0ZuK/3mdFMMbPxMqSZErNv8oTCXBmEzPJ32hOUM5toQyLWxWwoZUU4a2pKItwVs8eZk0zyveVeXy7qJcreV1FOAYTuAMPLiGKtSgDg1goOAZXuHNMc6L8+58zEdXnHznCP7A+fwB96SRJQ==</latexit>q

<latexit sha1_base64="uiVgzcT9PgC2mzoY6zb2edfaR9s=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjLVaae7giBdVrAPbEvJpJk2NJMZkoxQhv6FGxeKuPVv3Pk3ZtoKKnogcDjnXnLu8WPOlEbow8qtrW9sbuW3Czu7e/sHxcOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb86VXmd+6pVCwSt3oW00GIx4IFjGBtpLt+iPXED9Lr+bBYQnbN88rlKkS2c4EqHjLErbg114GOjRYogRWaw+J7fxSRJKRCE46V6jko1oMUS80Ip/NCP1E0xmSKx7RnqMAhVYN0kXgOz4wygkEkzRMaLtTvGykOlZqFvpnMEqrfXib+5fUSHXiDlIk40VSQ5UdBwqGOYHY+HDFJieYzQzCRzGSFZIIlJtqUVDAlfF0K/yftsu1UbPfmslRvrOrIgxNwCs6BA6qgDhqgCVqAAAEewBN4tpT1aL1Yr8vRnLXaOQY/YL19AjGgkU8=</latexit>

Fand
and
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Center of Mass (COM)
▶ The center of mass is the mean location of all the mass of the

body.
▶ The center of mass r is defined as

rx = 1
M

∫
ρ(x, y, z)xdV

ry = 1
M

∫
ρ(x, y, z)ydV

rz = 1
M

∫
ρ(x, y, z)zdV

where ρ(x, y, z) is the density at point (x, y, z). M is the total
mass of the object. Also, density = mass

volume .

("#, "%, "&)

World frame



20 / 46

COM as the origin of the body coordinate frame
▶ Selecting COM as the origin of the body coordinate frame

greatly simpifies the equation of motions
▶ Any force applied to (or passing through) the COM doesn’t

induce rotation.

Force 1

Force 2

Force 3

Body frame

▶ Force 1 (translation only)
▶ Force 2 (translation only)
▶ Force 3 (both translation &

rotation)
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COM - Discretization
Consider a rigid body composed of N point masses mi located at
positions (xi, yi, zi), respectively, in the world coordinate system.
Here i ∈ [1, N ].

Then the center of mass of this rigid body in the world coordinate
system is

rx =
(∑

i

mixi

)
/

(∑
i

mi

)

ry =
(∑

i

miyi

)
/

(∑
i

mi

)

rz =
(∑

i

mizi

)
/

(∑
i

mi

)
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COM - Exercise
Compute the center of mass of a rectangular brick with point
masses at its 8 vertices. Assume that vertex 1 is sitting at (1, 1, 1).
The values of point masses are mi, where i ∈ [1, 8].

Let’s assume that l = 4, h = 1, d = 2 and mi = 1 to get things
started.
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COM - Exercise - Python Code

import numpy as np

# H ------ G
# /| /|
# / E ---- / F
# / / / /
# D ------ C /
# |/ |/
# A ------ B

m = np.ones(8)
r = np.empty((3,8))

l = 4
h = 1
d = 2

r[:,0] = np.array([1,1,1]) # A
r[:,1] = r[:,0] + np.array([l,0,0]) # B
r[:,2] = r[:,0] + np.array([l,h,0]) # C
r[:,3] = r[:,0] + np.array([0,h,0]) # D
r[:,4] = r[:,0] + np.array([0,0,-d]) # E
r[:,5] = r[:,4] + np.array([l,0,0]) # F
r[:,6] = r[:,4] + np.array([l,h,0]) # G
r[:,7] = r[:,4] + np.array([0,h,0]) # H

print('m:\n', m)
print('r:\n', r)

M = np.sum(m) # Total mass
print('M:\n', M)

m_tmp = np.tile(m, (3,1))
print(r * np.tile(m, (3,1)))

center_of_mass =
np.sum(r * np.tile(m, (3,1)), axis=1) / M

print('center of mass:\n', center_of_mass)
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COM - Example - Program Output
m:
[1. 1. 1. 1. 1. 1. 1. 1.]

r:
[[ 1. 5. 5. 1. 1. 5. 5. 1.]
[ 1. 1. 2. 2. 1. 1. 2. 2.]
[ 1. 1. 1. 1. -1. -1. -1. -1.]]

M:
8.0

[[ 1. 5. 5. 1. 1. 5. 5. 1.]
[ 1. 1. 2. 2. 1. 1. 2. 2.]
[ 1. 1. 1. 1. -1. -1. -1. -1.]]

center of mass:
[3. 1.5 0. ]
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Inertia Tensor
Inertia tensor provides a concise description of the mass distribution
around the center of mass. ρ(x, y, z) denotes density at
center-of-mass centered point (x, y, z). Recall density = mass

volume .

I =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz



Ixx =
∫

ρ(x, y, z)(y2 + z2)dV

Iyy =
∫

ρ(x, y, z)(z2 + x2)dV

Izz =
∫

ρ(x, y, z)(x2 + y2)dV

Ixy = Iyx =
∫

ρ(x, y, z)xydV

Ixz = Izx =
∫

ρ(x, y, z)xzdV

Iyz = Izy =
∫

ρ(x, y, z)yzdV
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Inertia Tensor - Discretization
Consider a rigid body composed of N point masses mi located at
center-of-mass centered positions (xi, yi, zi), respectively, in the
world coordinate system. Here i ∈ [1, N ].

I =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz



Ixx =
∑

i

mi(y2
i + z2

i )

Iyy =
∑

i

mi(z2
i + x2

i )

Izz =
∑

i

mi(x2
i + y2

i )

Ixy = Iyx =
∑

i

mixiyi

Ixz = Izx =
∑

i

mixizi

Iyz = Izy =
∑

i

miyizi
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Inertia Tensor - Exercise
Compute the center of mass of a rectangular brick with point
masses at its 8 vertices. Assume that vertex 1 is sitting at (1, 1, 1).
The values of point masses are mi, where i ∈ [1, 8].

Let’s assume that l = 4, h = 1, d = 2 and mi = 1 to get things
started.
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Inertia Tensor - Exercise - Python Code
# continued from the previous example

rp = r - np.tile(center_of_mass , (8,1)).T
print('rp:\n', rp)

I = np.empty((3,3))
I[0,0] = np.sum(np.multiply(np.power(rp[1,:],2) + np.power(rp[2,:],2), m))
I[1,1] = np.sum(np.multiply(np.power(rp[2,:],2) + np.power(rp[0,:],2), m))
I[2,2] = np.sum(np.multiply(np.power(rp[0,:],2) + np.power(rp[1,:],2), m))
I[0,1] = I[1,0] = np.sum(np.multiply(np.multiply(rp[0,:], rp[1,:]), m))
I[0,2] = I[2,0] = np.sum(np.multiply(np.multiply(rp[0,:], rp[2,:]), m))
I[1,2] = I[2,1] = np.sum(np.multiply(np.multiply(rp[1,:], rp[2,:]), m))
print('I:\n', I)
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Intertia Tensor - Exercise - Program Output
rp:
[[-2. 2. 2. -2. -2. 2. 2. -2. ]
[-0.5 -0.5 0.5 0.5 -0.5 -0.5 0.5 0.5]
[ 1. 1. 1. 1. -1. -1. -1. -1. ]]

I:
[[10. 0. 0.]
[ 0. 40. 0.]
[ 0. 0. 34.]]
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Inertia Tensor in the Body Coordinate Frame
▶ The inertia tensor I that we just computed is expressed in the

world coordinate frame. Consequently it changes as the
orientation of the rigid body changes.

▶ We can express the inertia tensor in the body coordinate frame.
▶ We refer to inertia tensor in the body coordinate frame as Ibody.
▶ Ibody doesn’t change as the orientation of the body changes.
▶ Ibody is diagonal, i.e.,

Ibody =

 I11 0 0
0 I22 0
0 0 I33


▶ Inverse of Ibody:

I−1
body =


1

I11
0 0

0 1
I22

0
0 0 1

I33


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Computing Ibody

Option 1
Diagonalize I
▶ Compute eigenvectors and eigenvalues of I
▶ Eigenvalues form the diagonal matrix Ibody

▶ Eigenvectors form the 3-by-3 rotation matrix R that describes
the orientation of the rigid body

▶ This is the preferred approach

Option 2
Use 3-by-3 rotation matrix R that describes the orientation of
the rigid body
▶ Ibody = RT IR
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Inertia Tensor - Rotated Body Example - Python Code
# Continued from previous example
from scipy.spatial.transform import Rotation as R

rot_mat = R.from_euler('y',45, degrees=True).as_matrix()
print('rot_mat:\n', rot_mat)

# Note: 1) rp; 2) center of mass; and 3) overwriting r
r = np.dot(rot_mat, rp) + np.tile(center_of_mass, (8,1)).T
print('rotated_r:\n', r)

center_of_mass = np.sum(r * np.tile(m, (3,1)), axis=1) / M
print('center of mass:\n', center_of_mass)

rp = r - np.tile(center_of_mass , (8,1)).T
print('rp:\n', rp)

I = np.empty((3,3))
I[0,0] = np.sum(np.multiply(np.power(rp[1,:],2) + np.power(rp[2,:],2), m))
I[1,1] = np.sum(np.multiply(np.power(rp[2,:],2) + np.power(rp[0,:],2), m))
I[2,2] = np.sum(np.multiply(np.power(rp[0,:],2) + np.power(rp[1,:],2), m))
I[0,1] = I[1,0] = np.sum(np.multiply(np.multiply(rp[0,:], rp[1,:]), m))
I[0,2] = I[2,0] = np.sum(np.multiply(np.multiply(rp[0,:], rp[2,:]), m))
I[1,2] = I[2,1] = np.sum(np.multiply(np.multiply(rp[1,:], rp[2,:]), m))
print('I:\n', I)

# Computing I_body using rotation matrix
I_body = np.dot(np.dot(rot_mat.T, I), rot_mat)
print('I_body:\n', I_body)

# Computing I_body using eigenvalues and eigenvectors
w, v = np.linalg.eig(I)
print('eigenvalues:\n', w)
print('eigenvectors:\n', v)
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Inertia Tensor - Rotated Body Example - Program Output
rot_mat:
[[ 0.70710678 0. 0.70710678]
[ 0. 1. 0. ]
[-0.70710678 0. 0.70710678]]

rotated_r:
[[ 2.29289322 5.12132034 5.12132034 2.29289322 0.87867966 3.70710678

3.70710678 0.87867966]
[ 1. 1. 2. 2. 1. 1.

2. 2. ]
[ 2.12132034 -0.70710678 -0.70710678 2.12132034 0.70710678 -2.12132034
-2.12132034 0.70710678]]

center of mass:
[3. 1.5 0. ]

rp:
[[-0.70710678 2.12132034 2.12132034 -0.70710678 -2.12132034 0.70710678

0.70710678 -2.12132034]
[-0.5 -0.5 0.5 0.5 -0.5 -0.5

0.5 0.5 ]
[ 2.12132034 -0.70710678 -0.70710678 2.12132034 0.70710678 -2.12132034
-2.12132034 0.70710678]]

I:
[[ 22. 0. -12.]
[ 0. 40. 0.]
[-12. 0. 22.]]

I_body:
[[3.40000000e+01 0.00000000e+00 8.45096405e-15]
[0.00000000e+00 4.00000000e+01 0.00000000e+00]
[7.79029649e-15 0.00000000e+00 1.00000000e+01]]

eigenvalues:
[34. 10. 40.]

eigenvectors:
[[ 0.70710678 0.70710678 0. ]
[ 0. 0. 1. ]
[-0.70710678 0.70710678 0. ]]
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Inertia Tensor
▶ Inertia tensors are available for many canonical objects:

rectangles, circles, spheres, etc.
▶ Efficient algorithms exist to compute inertia tensor, center of

mass, body coordinate frames a given polygonal model of an
object

▶ Many tools exist to construct polygonal models of 2D/3D rigid
objects
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Body coordinate frame
Attach a coordinate frame to a rigid body

Body frame

! translation

" orientation

#$%&'

#(%)*&

Center of mass

▶ Origin: center of mass(defined in the
world frame)

▶ Axes: defined in the world coordinate
frame by a 3-by-3 rotation matrix R.
Columns of R define the x, y and z axes
of the body coordinate frame
▶ Inertia tensor Ibody is constant and

diagonal in this frame
▶ From body coordinate frame to world

coordinate frame

pworld = Rpbody + x
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World and Body Coordinate Frames
World coordinate frame
▶ Collision detection and response
▶ Display and visualization

Body coordinate frame
▶ Compute quantitites such as inertia tensor once and store them

for later use.
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Rigid Body Dynamics

Position ! 1	by	3	vector

Orientation " 3 by	3	rotation	matrix

Linear	Momentum # 1	by	3	vector

Angular	Momentum $ 1 by	3	vector

Mass % scalar

Inertia tensor &'()* 3 by	3	matrix	(in	body	 frame)

Linear velocity + 1	by	3 vector	

Angular velocity	 , 1 by	3	vector

Inertia	tensor &-. 3	by 3	matrix	(in	world	frame)

Constants

State variables

Derived quantities

Total force / 1	by	3	vector

Total	torque 0 1 by	3	vector
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Rigid Body Dynamics
Linear effects
▶ dx/dt = v
▶ dP/dt = F
▶ v = P/m

Angular effects
▶ dR/dt = ω∗R, where

ω∗ =

 0 −ωx ωy

ωz 0 −ωx

ωy ωz 0


▶ dL/dt = N
▶ ω = I−1L
▶ I−1 = RI−1

bodyRT
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Rigid Body Dynamics

// x - position

state[0] = x[0];
state[1] = x[1];

state[2] = x[2];

// R - orientation
state[3] = R[0][0];

state[4] = R[1][0];
state[5] = R[2][0];

state[6] = R[0][1];
state[7] = R[1][1];

state[8] = R[2][1];
state[9] = R[0][2];

state[10] = R[1][2];
state[11] = R[2][2];

// P - linear momentum

state[12] = P[0];
state[13] = P[1];

state[14] = P[2];

// L - angular momentum

state[15] = L[0];
state[16] = L[1];

state[17] = L[2];

// t – OSP needs it
state[18] = 0.0

// dx/dt = v

rate[0] = v[0];
rate[1] = v[1];

rate[2] = v[2];

// dR/dt = w* R
double[][] Rdot = 
mult(star(omega), R);
rate[3] = Rdot[0][0];

rate[4] = Rdot[1][0];
rate[5] = Rdot[2][0];

rate[6] = Rdot[0][1];
rate[7] = Rdot[1][1];

rate[8] = Rdot[2][1];
rate[9] = Rdot[0][2];

rate[10] = Rdot[1][2];

rate[11] = Rdot[2][2];

// dP/dt = force
rate[12] = force[0];

rate[13] = force[1];
rate[14] = force[2];

// dL/dt = torque

rate[15] = torque[0];
rate[16] = torque[1];

rate[17] = torque[2];

// dt/dt = 1
rate[18] = 1;

odeSolver.step();

// x
x[0] = state[0]; 
x[1] = state[1];
x[2] = state[2];

// R
R[0][0] = state[3]; 
R[1][0] = state[4];
R[2][0] = state[5];
R[0][1] = state[6]; 
R[1][1] = state[7];
R[2][1] = state[8];
R[0][2] = state[9]; 
R[1][2] = state[10];
R[2][2] = state[11];
R = orthonormalize(R);

// P
P[0] = state[12];
P[1] = state[13];
P[2] = state[14];

// L
L[0] = state[15];
L[1] = state[16];
L[2] = state[17];

Iinv = mult(R, mult(IbodyInv, transpose(R)));
omega = mult(Iinv, L);

Init:	Flatten	state	variables	
into	a	state	vector

Rate[]	encodes	 1st order	
ODE	for	our	system

Let	ODE	solve	the	state	and	
then	copy	the	state	back	to	
our	state	variables	!, #, $

and	%.
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Rigid Body Dynamics: Numerical Considerations
▶ Over time numerical errors accumulate in rotation matrix R
▶ This effects our computation of I and ω
▶ Orthonormalize R after every timestep

Orthonormalization
1. Normalize R1
2. R3 = R1 × R2 (normalize R3)
3. R2 = R3 × R1 (normalize R2)

Here Ri represent the i-th row of matrix R
Errors were shifted in the matrix
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Representing Rotations
▶ We chose to represent rotations as 3-by-3 rotation matrices
▶ Quaternions can be used to represent rotations as well
▶ Most rigid body dynamics systems use quaterions
▶ See Ch. 17 of the textbook



42 / 46

Representing Rigid Bodies
▶ A rigid body has a shape that does not change over time
▶ It can translate through space and rotate
▶ A rigid body occupies a volume of space
▶ The distribution of its mass over this volume determines its

motion or dynamics

Shape representation
▶ Shape representation is studied extensively in computer

graphics and some areas of mechanical engineering and
mathematics

▶ There are many ways of representing shape, each with a
different set of advantages and disadvantages

▶ We will stick to polygons
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Shape Representation using Polygons
▶ The surface of the object is represented by a collection of

polygons
▶ The polygons are connected across their edges to form a

continuous surface
▶ In order to have a well behaved representation we need to

constrain our polygons
▶ First all of the polygons must be convex, note that we can

always convert a concave polygon into two or more convex ones

Convex Polygon Concave Polygon Non-planar Polygon

Self-intersecting Polygon Triangle
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Shape Representation using Triangles
▶ We will stick to triangles
▶ Any convex polygon can be converted to a collection of

triangles

Advantages
▶ We are only dealing with one type of polygon, a uniform

representation
▶ Triangles are the simplest polygon, makes our algorithms

simpler
▶ Many modeling programs allow us to construct polygonal

models
▶ Easy to display
▶ Many efficient algorithms exist for manipulating triangles

Disadvantages
▶ Not a compact representation
▶ Not a good approximation for curved surfaces
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Other Types of Dynamics
▶ Articulated figures

▶ Rigid bodies connected by joints and hinges
▶ Used to model the dynamics of human figures

▶ Vehicle dynamics used to model the dynamics of various kinds
of vehicles

▶ Deformable objects
▶ Cloth, soft toys, etc.

▶ These are more complicated than what we have seen so far
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Readings
▶ Ch. 17 of the textbook
▶ Classical Mechanics (3rd Edition) by H. Goldstein and C.P.

Poole Jr.


