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Today’s lecture

* How to compute image derivatives by fitting polynomials to 1D image
patches?
* Taylor series expansion around a patch center
 Least square fitting of a system of linear equations




Image as a surface in 3D

Consider a gray-scale image I(x, y) then the height of the surface at (x, v) is
I(x,y). The surface passes through the 3D point (x,y,I(x,y)).
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Image rows (or columns) as 2D graphs
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Paths as curves in 2D
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Image rows (or columns) as 2D graphs,, .

Polynomial approximation
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Intensity
A Taylor series expansion of I(x) near the “patch” center 0
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Image rows (or columns) as 2D graphs

Polynomial approximation

Intensity
A Taylor series expansion of I(x) near the “patch” center 0
I(x) = 1(0)
1(0) I(x)
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Image rows (or columns) as 2D graphs

Polynomial approximation

Intensity
A Taylor series expansion of I(x) near the “patch” center 0
I(x) =1(0) + xI'(0)
1(0) I(x)
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Image rows (or columns) as 2D graphs

Polynomial approximation

Intensity
A Taylor series expansion of I(x) near the “patch” center 0
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Image rows (or columns) as 2D graphs

Polynomial approximation

Intensity
A Taylor series expansion of I(x) near the “patch” center 0
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The residual R, 1 (x) satisfies:

limR,41(x) =0
x—0



Image rows (or columns) as 2D graphs

Polynomial approximation

Intensity
A Taylor series expansion of I(x) near the “patch” center 0
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For a given x, approximation depends on (n + 1) constants
corresponding to the intensity derivative at the patch origin.



Polynomial approximation

Intensity
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Taylor series expansion of I(x) near the patch center 0

1 1 1
1) ~ 1(0) +xI'(0) ++ x21"(0) + z x31"(0) + -+ + p x™ 1M (0)

Re-write in matrix form



Polynomial approximation

Intensity
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Taylor series expansion of I(x) near the patch center 0

1 1 1
1) ~ 1(0) +xI'(0) ++ x21"(0) + < x31"(0) + -+ + p x™ 1M (0)

Re-write in matrix form
— I(O) —
I'(0)

1 1 1 "
Ix)= |1 x =x? =x3 .. —x"l I,”(O)
2 6 I"(0)

! 1(;1) 1
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For notational simplicity, lets
refer the vector of intensity and
its derivatives as d
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Polynomial approximation

Taylor series expansion of I(x) near the patch center 0

Intensity ~ ' 12 Lo g Loy
A I(x)~I(0)+xI(O)+2x21 (0)+6x31 (0) + +—x 1'(0)
\ I(x) Example o
\pi(g)—/r“/’\ Show the Ot order approximation
i I) = Il)

L 5 whate 4 T(2)?
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I (-() =T ('x)
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Polynomial approximation
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Taylor series expansion of I(x) near the patch center 0

1 1 1
I(x) ~ 1(0) + xI'(0) + Ele”(O) + gx31”’(0) o — x™ 1M (0)

Practice Question
Show the 15t and 2" order approximations

I(x)= I(o\ + ‘LI’l") + X "L" I"(O)

what u um ak ::c.y
IG) = T(e)+ 2T ‘(o) +2X (°)

uhot i the value at T (-2) ?
I(-3)= I(3) -3370)+ %I"(o)
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ExAmMPLe  PROGLEM
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Compute derivatives at pixel O (i.e., the center of the pathc)

Fit a polynomial of degree n to
the patch intensities
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Compute derivatives at pixel O (i.e., the center of the patch)

Fit a polynomial of degree n to
the patch intensities

Intensity
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Fitting a polynomial of degree 2
Use second-order Taylor series expansion

I(x) =1(0) + xI'(0) +%x21”(0)
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Compute derivatives at pixel O (i.e., the center of the patch)

Fit a polynomial of degree n to
the patch intensities

Intensity
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Fitting a polynomial of degree 2

Use second-order Taylor series expansion .
I1(x) = 1(0) + xI'(0) + % x21"(0) wa z;i
“Je el

Unknowns

—,‘/v \ ’l-, n) -
Tio) + (DT ®)+ 'l,}."t@ 10)= 32
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CoLumion

a2t b oxad = I(X)
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