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Today’s lecture

• How to compute image derivatives by fitting polynomials to 1D image 
patches?

• Taylor series expansion around a patch center
• Least square fitting of a system of linear equations
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Image as a surface in 3D

Consider a gray-scale image 𝐼 𝑥, 𝑦  then the height of the surface at 𝑥, 𝑦  is 
𝐼(𝑥, 𝑦).  The surface passes through the 3D point (𝑥, 𝑦, 𝐼 𝑥, 𝑦 ).
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Image rows (or columns) as 2D graphs
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Paths as curves in 2D
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Image rows (or columns) as 2D graphs
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Polynomial approximation

𝑥0

Intensity

𝐼(𝑥)𝐼(0)

Taylor series expansion of 𝐼(𝑥) near the “patch” center 0

𝐼 𝑥 =? 𝐼 0 + 𝑥𝐼ᇱ 0 +
𝑥ଶ

2!
𝐼ᇱᇱ 0 +

𝑥ଷ

3!
𝐼ᇱᇱᇱ 0 + ⋯+

𝑥

𝑛!
𝐼  + 𝑅ାଵ(𝑥)

lim
௫→

𝑅ାଵ(𝑥) = 0

The residual 𝑅ାଵ(𝑥) satisfies:

Fifth

I o is provided



Image rows (or columns) as 2D graphs
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Polynomial approximation
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Image rows (or columns) as 2D graphs
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Polynomial approximation
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𝐼 𝑥 = 𝐼 0 + 𝑥𝐼ᇱ 0 +
𝑥ଶ

2!
𝐼ᇱᇱ 0 +

𝑥ଷ

3!
𝐼ᇱᇱᇱ 0 + ⋯+

𝑥

𝑛!
𝐼  + 𝑅ାଵ(𝑥)

lim
௫→

𝑅ାଵ(𝑥) = 0

The residual 𝑅ାଵ(𝑥) satisfies:

4 23 220 3IF I get f 3m 2

iii



Image rows (or columns) as 2D graphs
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Polynomial approximation
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Polynomial approximation

Intensity

𝐼(0)

Taylor series expansion of 𝐼(𝑥) near the “patch” center 0

𝐼 𝑥 = 𝐼 0 + 𝑥𝐼ᇱ 0 +
𝑥ଶ

2!
𝐼ᇱᇱ 0 +

𝑥ଷ

3!
𝐼ᇱᇱᇱ 0 + ⋯+

𝑥

𝑛!
𝐼  + 𝑅ାଵ(𝑥)

Nth order approximation 

For a given 𝑥, approximation depends on (𝑛 + 1) constants 
corresponding to the intensity derivative at the patch origin.

0 𝑥

𝐼(𝑥)



Polynomial approximation
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𝑥0

Intensity

𝐼(𝑥)
𝐼(0)

𝑤−𝑤

Taylor series expansion of 𝐼(𝑥) near the patch center 0

𝐼 𝑥 ≈ 𝐼(0) + 𝑥𝐼′(0) +
1
2
𝑥ଶ𝐼′′(0) +

1
6
𝑥ଷ𝐼′′′(0) + ⋯+

1
𝑛!
𝑥𝐼  (0)

Re-write in matrix form



Polynomial approximation
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𝑥0

Intensity

𝐼(𝑥)
𝐼(0)

𝑤−𝑤

Taylor series expansion of 𝐼(𝑥) near the patch center 0

𝐼 𝑥 ≈ 𝐼(0) + 𝑥𝐼′(0) +
1
2
𝑥ଶ𝐼′′(0) +

1
6
𝑥ଷ𝐼′′′(0) + ⋯+

1
𝑛!
𝑥𝐼  (0)

Re-write in matrix form

𝐼 𝑥 ≈ 1 𝑥
1
2
𝑥ଶ

1
6
𝑥ଷ …

1
𝑛!
𝑥

𝐼(0)
𝐼′(0)
𝐼′′(0)
𝐼′′′(0)

⋮
𝐼()

For notational simplicity, lets 
refer the vector of intensity and 

its derivatives as 𝒅

dot product

IR

in FÉ
so



Polynomial approximation
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𝑥0

Intensity

𝐼(𝑥)
𝐼(0)

𝑤−𝑤

Taylor series expansion of 𝐼(𝑥) near the patch center 0

𝐼 𝑥 ≈ 𝐼(0) + 𝑥𝐼′(0) +
1
2
𝑥ଶ𝐼′′(0) +

1
6
𝑥ଷ𝐼′′′(0) + ⋯+

1
𝑛!
𝑥𝐼  (0)

Example
Show the 0th order approximation

I a I 0

whatis I 2

I 2 I x

3.2 90 2 3 whatis IL 1
I 11 x



Polynomial approximation
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𝑥0

Intensity

𝐼(𝑥)
𝐼(0)

𝑤−𝑤

Taylor series expansion of 𝐼(𝑥) near the patch center 0

𝐼 𝑥 ≈ 𝐼(0) + 𝑥𝐼′(0) +
1
2
𝑥ଶ𝐼′′(0) +

1
6
𝑥ଷ𝐼′′′(0) + ⋯+

1
𝑛!
𝑥𝐼  (0)

Practice Question
Show the 1st and 2nd order approximations

Ile 11 211 111
Whittier.itiiisio
whatis thevalue at I 3

I 3 I 2 IC3 107 3110 11 o



ETgt.hnE1I 4 1 3 2 1 3 1 and 14 3

x 4 3 7

I 4 IL 3 14 131 I't3 1 1 3

4 7 2 1 L 1
4 14 41

z 18 49 2

49

13 2

6.5



Compute derivatives at pixel 0 (i.e., the center of the pathc)
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𝑥0

Intensity

𝐼(𝑥)
𝐼(0)

𝑤−𝑤

Fit a polynomial of degree n to 
the patch intensities



Compute derivatives at pixel 0 (i.e., the center of the patch)
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𝑥0

Intensity

𝐼(𝑥)
𝐼(0)

𝑤−𝑤

3 4

Fitting a polynomial of degree 2 

𝐼 𝑥 = 𝐼(0) + 𝑥𝐼′(0) +
1
2
𝑥ଶ𝐼′′(0)

Fit a polynomial of degree n to 
the patch intensities

Use second-order Taylor series expansion



Compute derivatives at pixel 0 (i.e., the center of the patch)
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𝑥0

Intensity

𝐼(𝑥)
𝐼(0)

𝑤−𝑤

3 4

Fitting a polynomial of degree 2 

𝐼 𝑥 = 𝐼(0) + 𝑥𝐼′(0) +
1
2
𝑥ଶ𝐼′′(0)

Fit a polynomial of degree n to 
the patch intensities

Use second-order Taylor series expansion

Unknowns

highlighed
items are
unknowns

I o o I o 10 1 o 3

3rd

FE.name a

8 Ilo 2 I 0 2 I 0 4



Ilo G I o I 0 3.5

Ilo I 10 1540 3.5

System of linear Equations
I10 3

Ilo 2110 23 0 2 4

I o I 10 I 10 3.5

Re unite as An 5T
t

1 305

7
Estimate

derivatives
at

pixel
location

a

0,5 114 3,2 and 10,5

Solution

ax bx Cx d I n



Unknowne a b c and d

Eq for 20,5
a o

3 b o o d 5

n
a c

3 b 1 CCI d 4

I
a 3 b 3 C 3 d

I.IE i'a

10
3 b 10 7c 10 d 5

É
1000 100 10 1


