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Continuous System Simulations

time drives the simulation

time is the continuous variable

Differential equations

Ordinary Differential Equations ODES

Three set of variables
i state variables

ii input variables human operator
iii output variables

ODI
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time derivatives
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Notations 1 derivative of aw.r.t.tk
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Example

Mx F

m F order 2

n 32k 11 0 order 3

k 34k 32 order 1
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If 2 solution is the value of x t that
satisfies this equation

key idea integration depends upon t
c x 2

i Integrate once I 2t C

Ciii Integrate twice x t tC C2

constants of integration
Q How to solve for C and C2
1 initial conditions

ii boundary condition's

Initial conditions v10 3 210 2

3 2 10 C C 3

2 05 0 C2 C2 2

Solution fxt23ETT
N'torder ODE Reducibility

x F t x x x
11

we can re write this nth order ODE as a system of first order
differential equation's by defining a new family of unknown
functions

gli 1 x

Example

2nd order ODE x g



1 g order 2 state variable x

This can be reduced to

1 fq order 1 state variables

F g man

air

Takeaways

i All of our simulation's only involve first order ODES
i Even if we have higher order equations we apply reducibility
to geta systemof firstorder equations

IV Easier to solve numerically
Very few numerical solvers exist for higher order ODES
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F ma

acceleration Sass

force

a rate of change of velocity
rate of change of

posffs
v F

velocity a of 11
F ma is a second order differential equation

F md

Reduce dL v
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first order
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statevariable state variables
x x v

Solving ODES numerically

r Δx rat
updates

I an

_updates

Tpdaterules require the current

Model v t st v t jitt
values of x and v

t It x t vitinput
constant

state v you need an update rule for each state variable

210 v10 is given

F m are given

It is also provided E.g Dt 1

am acI all ns

7fsfIttoo small the simulation can become very slow

if It is too large the simulation can become very
inaccurate

Advanced techniques can dynamically adject It

How do you find the exact

j.t Ft

It has a relationship to the length timescale of simulation



molecular activity
echosystems

galaxy formation

Dt that is used to advance the simulation is much smaller

than the St that is used to display results

µpdaterulesmdfm
fferÉÉeqationsmt

model the dynamicsof the system Update rules are then

1usedtoseehowstatevariableschangeovertime.ee

Massspringsystem
Hook's law the extension is proportional to force

F

IgE displacement
from the

spring constant rest position

push pull
1 I
Tththam muffle
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a Differential Equation ODE that captures dynamics
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b Update rules
Sx Vat

1 If
Δv Kast 2 k

3 m

c x t St x t Vat

t st v t st Euler Integration

Mind your variables

C I KITTI
displacementof the spring

F ma 11s up x positionof mass

Displacement of thespring
I restlengeti current length

position ofthemass

20 coordinate system

1 7
I D coordinate system

h
Q Under what conditions would the update rules described above
work 0 rest currentlength

ms

Inwgs



Exercise ef mmm.FR 1
rest length Crest 7

spring constant k 0.3

compute the magnitude and the direction of
the force that this spring exerts on the mass m

Empennme20
dress 5

Erest 12

x 9

MassspringDampers
Mass experiences a damping force that is proportional to its

velocity friction

F ka cut
velocity

dispiaceittdamping
constant

spring constant

we also have I ma

Putting and together

ma KR CV

Cif
c of v c m Kx CV 1storderequation



Update rules

Sx rat
State variables

N r
er Inst Ivat
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Banff a

h F mghappy
We also have F ma

From and Ma Mg
d r

Model
Dynamicsa g

11 g g
initial conditions x h 0

W

É
9 At

Landed 2 0

we are asked to compute a response

3
Re initialize the differentialequations using the
following initial conditions

2 2 V



How about we re initialize the differential equations as

follows
2 0 V V

x

At

Collision detection and response needs care Since these affect
the overall accuracy of your simulation
Exact collision times

At 0

Numerifftictitegation is rather poor the system gains
energy

spiraling out of control

c Reenga Kutta RK4 method
Much more numerically stable
Error is proportional to St

where as error for Euler integration is proportional
to St

Recall It 1
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i Reinialize ODE as follows
x 0 I no Mgh

É and shisivin much larger
thenthe true rat

A floorheight
I

collision is detected We need a response

Potential Energy mgh
K.E 12mV

Total energy mgh 1 mr
Q What is the K.E.at height h 0 mgh o mgh
what is the P.E.at floor 0 mv mr

Mgh Mv
v JE

Q when will this approach fail
A Damping friction


